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We study dipolar-coupled quantum many-spin systems with local disorder, subject to peri-
odic pulse driving, in different spatial dimensions: from two-dimensional to (effectively) infinite-
dimensional systems. Using direct numerical simulations, we show that these systems exhibit
long-lived magnetization response for all dimensions, despite strong fluctuations in the spin-spin
couplings, and corresponding strong singularities in the spin dynamics. We observe the long-lived
magnetization response for the initial polarization being either along the driving pulses, or along
the axis conserved by the internal Hamiltonian. For longer time delays, the magnetization echoes
exhibit an even-odd asymmetry, i.e. the system’s response is modulated at the period which is twice
the period of the driving. The above results are corroborated by a Floquet-operator analysis.
I. INTRODUCTION
Coherence is central to many modern research fields in-
cluding quantum information science and quantum tech-
nology. In practice, the coherence time of quantum
many-body systems is often the main limiting factor.
In many-spin systems, for example, it is the spin co-
herence time T2 characteristic for the Hahn-echo de-
cay [1]. Extending T2 can be achieved inter alia by
means of decoupling techniques or reducing environmen-
tal noise [2, 3]. An alternative to extend the spin co-
herence time, which attracted much attention recently,
is based on external periodic perturbations by pi-pulses.
Long-lived magnetization response far beyond the usual
time T2 [4–8] was observed in many-spin systems includ-
ing NMR systems [9–13], optically trapped ions [14] and
NV-centers [15]. It is established now that the above
long-lived magnetization response is caused by pulse non-
idealities [16, 17]. A remarkable feature of the above sys-
tems is the subharmonic response, e.g., even-odd asym-
metry, observed for longer inter-pulse time delays. This
behavior was shown to be stable against perturbations
and decoherence [18–20] and it is often referred to as
time-crystalline order [21–23].
In view of practical applications of the above long-lived
spin coherences, naturally arises the question the spatial
dimension d. Two-dimensional geometry, for example,
may be particularly useful for quantum sensing: two-
dimensional sensing plates can be brought very close to
the surface of the system of interest, cf. Fig. 1. Two-
dimensional spin arrangement can, for example, be re-
alized as electronic or nuclear surface spins or quasi-2D
layers of NV spins [24]. Quantum spin systems in ef-
fectively infinite-dimensional geometry with all-to-all in-
teractions, on the other hand, may become practically
relevant, for example, for quantum information process-
ing systems, where spin systems are often coupled via
collective modes in cavity-QED [25].
The effect of different spatial dimensions d is partic-
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ularly interesting for dipolar-coupled spin systems be-
cause of singularities in the free-induction-decay signal
at small times [3, 26, 27]. As explained below, these
singularities qualitatively differ for smaller and larger
d. Although the above singularities in dipolar-coupled
systems are known, their effect on the long-lived mag-
netization response is not fully understood yet. More-
over, since the spatial dimension d determines the fluc-
tuation properties of the interaction constants for disor-
dered dipolar-coupled spins, varying d is a viable tool
to study the still challenging issue of fluctuations and
disorder for the emergence of the above non-equilibrium
steady states. Experimental and theoretical investiga-
tions of driven many-spin systems were mainly limited
to the following values of d: the special case of one-
   
    
Figure 1. Spin systems considered: (a) Two-dimensional
d = 2 and effectively infinite-dimensional d → ∞ spin sys-
tems. The latter system with all-to-all interaction and uni-
form coupling constant J can be realized by coupling via de-
tuned collective mode in cQED. (b) Schematic representation
of the periodic pulse sequence. The driving pulses (P) occur
at times (2n+ 1)τ (n ≥ 0) stimulating magnetization echoes
(E) at times 2nτ . Each pulse rotates the spins along the x-
axis by an angle pi(1 + ), where  is the pulse imperfection.
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2dimensional d = 1 systems [19, 20, 28–35] exhibiting
spatio-temporal order, three-dimensional d = 3 systems
in experiment [6, 7, 9–15] and theory [16, 36], and effec-
tively infinite-dimensional d→∞ systems [18, 35, 37].
In this article, we investigate long-lived magnetization
response in disordered dipolar-coupled many-spin sys-
tems subject to periodic driving in different spatial di-
mensions: from the case d = 2 exhibiting large fluctu-
ations to d → ∞ exhibiting all-to-all interactions with
uniform interactions. We show that the above systems
exhibit long-lived magnetization response in all spatial
dimensions d considered. Varying the initial polarization,
we numerically calculate the magnetization response for
different time delays between the periodic driving pulses,
cf. Fig. 1 (b). We show that, for the initial polarization
along the driving pulses and along the axis conserved
by the internal Hamiltonian, long-time tails of magne-
tization echoes can be observed. The amplitude of the
long-time polarization depends on the time delay and on
dimension d. For longer time delays, the magnetization
echoes usually exhibit subharmonic response. We also
show that, although the spin interaction perpendicular
to strong local fields is suppressed by the latter, the am-
plitude of the long-time echoes depends on the presence
of this interaction. The above results are corroborated
by Floquet-operator analysis by means of full diagonal-
ization.
II. DESCRIPTION OF THE SYSTEM
We consider interacting systems of Ns spins-½ subject
to external periodic driving. The spin interaction is given
by the secular part of the long-range dipolar interaction
HI =
Ns∑
j=1
Ns∑
i=j+1
Jij
[
SizSjz − 12(SixSjx + SiySjy)
]
, (1)
where Sjα is the j-th spin operator along the α-axis,
Jij = (1 − 3 cos2[θij ])/r3ij is the coupling constant be-
tween spin i and j, rij = |~rij | is the distance between
spin i and j and θij is the polar angle of ~rij (~ = 1). The
spins are randomly distributed in a d-dimensional cube
with the edge length chosen such that T2 has same value
for each system size Ns and dimension d.
In a typical setting, local magnetic fields lead to in-
homogeneous broadening. We consider local fields along
the z-axis HL =
∑Ns
j=1 hjSjz, where the fields hj are dis-
tributed according to the Gaussian distribution with zero
mean and variance chosen such that T ∗2  T2, where T ∗2
is the characteristic time of the free induction decay.
The total Hamiltonian reads
H(t) = HI +HL +HP(t), (2)
where HP(t) describes external periodic driving consist-
ing of a train of pi-pulses sketched in Fig. 1 (b). These
pulses are usually chosen such that, in absence of any
interactions and disorder, they correspond to ideal pi-
pulses. In practice, though, the pulses may not lead
to ideal pi-rotations because of the action of the local
fields during the finite pulse duration or imperfections of
the pulse calibration [12, 16, 17]. However, since the
pulses are usually much stronger than other Hamilto-
nian terms, the rotation imperfections remain small. We
model these imperfections by directly considering instan-
taneous rotations around the x-axis by an angle pi(1 + )
with  1 [16, 17]. Between the pulses, the spin system
evolves according toHI+HL, whereas these terms are ne-
glected during the pulses. The first pulse occurs at time
τ , the subsequent pulses after each delay 2τ stimulat-
ing a magnetization echo after interval τ (this sequence
is known as Carr-Purcell(-Meiboom-Gill) (CPMG) se-
quence). The time τ is chosen such that T ∗2 < τ ≤ T2
which means that the width of each echo is smaller than
the time delay 2τ between two echoes.
We numerically integrate the time-dependent
Schrödinger equation directly using the second-order
Suzuki-Trotter expansion of the time evolution operator.
The elemental time step for the time evolution is of
the order 10−4. The signal (magnetization of the total
system) is calculated by employing quantum typicality,
simulating the system prepared in a pure initial state,
represented by a random vector of size 2Ns of unit norm,
uniformly sampled from a sphere S2Ns−1. All average
quantities are obtained by averaging over more than 100
independent calculations with randomly chosen local
fields and the spatial arrangement of spins.
As customary in NMR, we assume the spin system to
be initially slightly polarized. The corresponding (un-
normalized) density matrix is ρ(0) = I − MMα, where
I is the unit matrix, M  1 and Mα ≡
∑Ns
j Sjα with
α ∈ {x, y, z} being the axis of polarization [2]. The par-
ticular value of M is unimportant as explained below.
III. QUALITATIVE DISCUSSION OF RESULTS
In this article, we focus on the experimentally accessi-
ble magnetization response
Mα(t) ≡ 〈Mα〉(t)〈Mα〉(0) , (3)
where α ∈ {x, y, z}. We consider a short τ with τ/T2 ∼
0.1 and a long τ with τ/T2 ∼ 1. We find that, indepen-
dent of d, the magnetization response Mx(t) along the
driving direction exhibits long-time tails for both val-
ues of τ . Typical results forMx(t) are shown in Fig. 2.
The magnetization response perpendicular to the driv-
ing direction exhibits long-time tails only along the axis
conserved by the internal Hamiltonian HI +HL, namely
Mz(t). For My(t), we did not observe any long-time
tails for the driving protocol considered.
At small times t . T2, the magnetization response
Mx(t) follows the Hahn echo whose analytical approx-
30
0.2
0.4
0.6
0.8
1
(a) short τ
0
0.2
0.4
0.6
0.8
1
0 5 10 15 20
(b) long τ
M
x
(t
)
periodic driving
Hahn echo
exp(−t 23 )
M
x
(t
)
t
periodic driving
Hahn echo
exp(−t 23 )
Figure 2. Long-lived magnetization responseMx(t) for two-
dimensional d = 2 periodically driven disordered spin systems
and short inter-pulse time delay τ (τ/T2 ≈ 0.07) (a) and long
τ (τ/T2 ≈ 0.7) (b). The long-lived magnetization echoes
Mx(t) extend far beyond the T2 = 1 time. For the Hahn echo,
the echo-stimulating pi-pulse without rotation imperfections
occurs at time t/2. The analytic approximation for Hahn
echo in d = 2 isMx(t) = exp(−t2/3) as indicated in the figure.
The amplitude of the long-time tails is larger for short τ . For
long τ , the even-odd asymmetry becomes pronounced. The
system size is Ns = 20. Further parameters used:  = 0.07
and T ∗2 ≈ 0.02.
imation for d ≤ 5 is
MHx (t) = exp
(
−
∣∣∣∣ tT2
∣∣∣∣ d3
)
. (4)
For 2 ≤ d < 3,MHx (t) decays infinitely fast at t→ 0 as a
consequence of unusually strong fluctuations of the spin-
spin distances and, hence, also coupling constants. With
increasing d, these fluctuations become smaller such that,
in the limit d → ∞, we arrive at all-to-all interactions
with uniform coupling constant. In the latter case, the
analytical approximation has a Gaussian shape
MHx (t) = exp
(
−
[
t
T2
]2)
. (5)
The long-time behavior MHx (t) depends on τ . For
longer τ , the overall amplitude of the magnetization re-
sponse is smaller and exhibits an even-odd asymmetry
corresponding to subharmonic response. Further, with
increasing d, the long-time tails become smaller but sat-
urate for d→∞ at a non-zero level. The magnetization
responseMHz (t) exhibits subharmonic response for both
values of τ .
IV. STATISTICAL ANALYSIS OF
DISORDERED SPIN SYSTEMS
Let us now briefly discuss the effect of disorder in d
spatial dimensions on the Hahn-echo signalMHx (t). For
a uniform probability distribution and a fixed finite spin
density ns ≡ Ns/Vd, where Vd is a d dimensional volume
element, we obtain [3, 26, 27]
MHx (t) ∼=
[
1
Vd
∫
Vd
cos
(
b(θ)t
r3
)
rd−1drdΩ
]Ns
, (6)
where dΩ is an infinitesimal volume element on a d-sphere
and b(θ) = (1 − 3 cos2[θ])/4. Above, we neglected the
flip-flop terms in HI, cf. Fig. 4. Following the analysis in
Ref. [3], one arrives atMHx (t) = exp(−λ|t|d/3), where λ
and, hence, T2 is governed by the expression
λ ∼=
∫ ∞
0
1− cos z
zd/3+1
dz. (7)
For d ≤ 5, the above integral yields − cos (dpi6 )Γ (−d3),
where Γ(x) is the gamma function. The corresponding
Hahn-echo signalMHx (t) is given in Eq. (4).
For d < 3, the Hahn echoMHx (t) exhibits a singularity
at t→ 0 because the first derivative diverges. This means
that the Hahn echo initially decays infinitely fast. This is
a consequence of the strong fluctuations of rij for small d,
which implies a higher probability of small values of rij
which, in turn, corresponds to large coupling constants
Jij and, hence, unusually fast decay.
With increasing d, the fluctuations of the coupling co-
efficients Jij = (1 − 3 cos2[θij ])/r3ij around its average
value decrease. Correspondingly, the analytical expres-
sion for the Hahn echo in Eq. (4) for 3 ≤ d < 6 has a
weak singularity in the sense, that the second derivative
diverges for t→ 0 but not the first derivative.
In the case d ≥ 6, the radial integral in Eq. (7) di-
verges due to contributions from large r. We focus here
on the d → ∞ limit, where each pair out of Ns spins
has the same distance leading to all-to-all interactions
with a uniform coupling constant Jij → J . The an-
alytical approximation for the Hahn echo is given in
Eq. (5). Starting with Eq. (6), one immediately ob-
tains MHx (t) = cosNs−1(2Jt) [26]. This expression can
be approximated at small t and sufficiently large Ns by
a Gaussian function. The expression in Eq. (5) does not
have any singularities and its derivative at t = 0 vanishes,
which is in stark contrast to the d < 3 case [38].
V. MAGNETIZATION RESPONSE ALONG THE
DRIVING FIELD
Now, we discuss numerical results for Mx(t) in d-
dimensional disordered spin systems in detail. Since the
4case d = 3 was already studied elsewhere, cf. Ref. [16],
we focus here on d = 2, d = 5 and the limit of infinite
dimensions d→∞.
In the d = 2 case, the spin-plane can be differently
aligned with respect to the quantizing z-axis. In the in-
plane configuration, the d = 2 plane includes the z-axis
and the interaction constant retains its dependence on
the polar angle θ. In the out-of-plane configuration, θ = 0
and, hence, Jij = 1/r3ij . We consider the latter case
here. In the limit of infinite dimensions, we have all-
to-all interactions with uniform interaction constant as
discussed above [18, 35, 37]. Let us also note that, when
referring to disorder below, we mean both disorder in the
spatial distribution of spins and random local fields hj .
In the d → ∞ case, the only disorder is in the random
local fields hj .
Let us now discuss the behavior of Mx(t) shown for
d = 2 in Fig. 2 and in Fig. 3 for larger d. We consider two
different values of the pulse delay τ : long τ/T2 ≈ 0.07
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Figure 3. Long-lived magnetization response Mx(t) for pe-
riodically driven disordered spin systems in different spatial
dimensions d as indicated in the figure. The magnetization
echoes Mx(t) extend far beyond the T2 time. For the Hahn
echo, the echo-stimulating pi-pulse without rotation imper-
fections occurs at time t/2. The analytic approximation for
Hahn echo approaches with increasing d the analytical ap-
proximationMx(t) = exp(−[t/T2]2) with T2 = 1. The Hahn
echo is shown for d→∞ until t = 4 because the Hahn echo ex-
hibits revivals due to the uniform interaction constant. These
revivals are irrelevant in the present context. The parameters
used are Ns = 20, short τ ,  = 0.07 and T ∗2 ≈ 0.02.
and short τ/T2 ≈ 0.7, where T2 = 1.
At small times t . T2, the magnetization response
Mx(t) follows the analytical approximation of the Hahn
echo which is given in Eq. (4) for d ≤ 5 [26, 39] and
in Eq. (5) for d → ∞. These analytical approximations
are also included in the figures together with numerical
results for the Hahn echo, which agree quantitatively well
in the cases d = 2 and d→∞. Due to finite size effects,
the analytical approximation for the Hahn echo in d = 5
dimensions is valid only at very small times t T2.
At longer times, the magnetization responseMx(t) ex-
hibits long-time tails for all dimensions d considered and
both short and long τ . These long-time tails extend to
times much longer than T2. With increasing d, the over-
all amplitude of the long-time echoes becomes somewhat
smaller. However, in the limit d → ∞, the long-time
tails do not vanish but saturate at a nonzero value. The
amplitude of these long-time tails is smaller for longer
τ . Eventually, the characteristic decay time of this non-
equilibrium spin magnetization is expected to be limited
by the spin-lattice relaxation time T1, which can be sig-
nificantly larger than T2. For the results shown, we used
following parameters:  = 0.07, T2 = 1 and T ∗2 ≈ 0.02.
For long τ , we observe subharmonic response in Fig. 2
(b). In our case, the period of the magnetization re-
sponse is twice the driving period, which is 2τ . More
important from the physical viewpoint, however, is the
cycling period τc defined by U1(t) = U1(t + τc), where
U1(t) = T exp[−i
∫ t
0 HP(t′)dt′] [40]. For ideal pi-pulses,
the cycling period is τc = 4τ , i.e., one cycling period in-
cludes two pi-pulses [41]. This is the underlying reason
for the emergence of the subharmonic response observed
in Fig. 2. In fact, the even-odd asymmetry is also present
for short τ but the asymmetry presumably does not have
enough time to built up for short τ and, hence, remains
unobservably small. Let us note that, for long τ , we also
observe long-time tails ofMx(t) exhibiting subharmonic
response for all dimensions d considered.
It is also noteworthy that the above long-lived mag-
netization response crucially depends on the driving se-
quence. For example, if we were to apply pulses of alter-
nating sign, i.e., in positive and negative x-direction, no
long-lived tails ofMx(t) would emerge [17].
VI. IMPORTANCE OF FLIP-FLOP TERMS
The local fields hj along the z-axis are much larger
than the interaction constants Jij in Eq. (1). This typ-
ically leads to a strong suppression of the perpendicu-
lar terms in HI, which are often referred to as flip-flop
terms [3]. Hence, the magnetization response is expected
not to change when leaving out the flip-flop terms. In-
deed, the results for the Hahn echo are very similar as
shown in Fig. 4, where we refer to the Hamiltonian with-
out perpendicular terms as reduced model and to the
model including all terms as full model. Moreover, the
behavior ofMx(t) for d = 2 both at short and long times
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Figure 4. Hahn echo MHx (t) for d = 2 disordered dipolar-
coupled spin systems calculated using full and reduced model,
which differ by the presence of the flip-flop terms in the Hamil-
tonian. The results of the models agree quantitatively well.
The echo-stimulating pi-pulses without rotation imperfections
occur at time t/2. The analytic approximation for Hahn echo
in d = 2 is Mx(t) = exp(−t2/3) as indicated in the figure.
The system size is Ns = 18, T2 = 1 and T ∗2 ≈ 0.02.
remains almost the same when leaving out the perpendic-
ular terms of HI as shown in Fig. 5 (a). However, in the
case d→∞, the long time tails for the reduced model are
by a factor ≈ 2 larger than for the full model. The reason
for the difference between the d = 2 and the d→∞ cases
is as follows. In d = 2 case, each spin interacts strongly
only with a few nearby spins. Given random local fields,
the probability for these nearby spins to have a compara-
ble local field strength is small. In the d→∞ case, each
spin interacts with all other spins and, thereby, can possi-
bly find a partner with a comparable local field strength.
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Figure 5. Comparison between the reduced model without
perpendicular interaction and the full model in Eq. (1). Re-
sults for Mx(t) differ only slightly for d = 2 shown in (a),
whereas, for d → ∞ shown in (b), they differ by a factor of
≈ 2. The results are obtained for Ns = 20, short τ ; all other
parameters are the same as in Fig. 2.
In the latter case, the perpendicular interaction can act
upon the given spin pair. In the remaining part of this
article, we always use the full model.
VII. FLOQUET-OPERATOR ANALYSIS
Periodically driven systems described by a Hamilto-
nian obeying H(t + 2τ) = H(t) can be treated using
Floquet theory. The stroboscopic time evolution of the
system’s density matrix, i.e., time evolution with re-
spect to an integer multiple n of the driving period
2τ , can formally be written as ρ(2τn) = UnFρ(0)U
†n
F ,
where UF is time evolution operator for one driving pe-
riod (Floquet operator). For the pulse sequence consid-
ered in this manuscript, the Floquet operator is UF =
UH(τ)Rx[pi(1 + )]UH(τ), where Rx[pi(1 + )] is the op-
erator describing a rotation around the x-axis by angle
pi(1+) and UH(τ) is the unitary time evolution operator
according to the internal Hamiltonian HI +HL.
Introducing eigenvalues eiφk and eigenstates |ψk〉 of UF
such that
UF =
∑
k
eiφk |ψk〉〈ψk|, (8)
we obtain for the stroboscopic time evolution of the mag-
netization response after n driving periods
Mx(2τn) = 4
Ns2Ns
∑
j,k
ei(φj−φk)n|〈ψj |Mx|ψk〉|2. (9)
The signalMx(2τn) is, thus, determined by two objects:
(i) the matrix elements M jkx = |〈ψj |Mx|ψk〉|2 and (ii)
the distribution P (φj − φk) of the quasienergy differ-
ences φj − φk. Terms with j = k in Eq. (9) do not
depend on n and, therefore, govern the overall amplitude
of the long-time behavior ofMx(2τn). The correspond-
ing matrix elements of M jkx are the diagonal elements
M jjx . The even-odd asymmetry, on the other hand, is
controlled by terms obeying |φj − φk| ≈ pi such that
ei(φj−φk)n ≈ (−1)n. When sorting the states j and k
according to the quasienergies and plotting M jkx as a
function of quasienergies, the above terms correspond to
off-diagonal values of M jkx which lie on lines parallel to
the main diagonal. We refer to these lines in the following
as semi-diagonals.
An example of the matrix M jkx = |〈ψj |Mx|ψk〉|2 is
shown in Fig. 6 for short τ (a) and long τ (b) for
two-dimensional disordered spin systems. The dominant
structure of M jkx for short τ is given by large diago-
nal elements, whereas the off-diagonal elements and, in
particular, the semi-diagonals are negligible. This corre-
sponds to the long-time tails in Fig. 2 (a) not exhibiting
a pronounced even-odd asymmetry. In contrast, M jkx for
long τ exhibits large entries both on the diagonal and the
semi-diagonals, although the values of M jkx now are on
the average smaller than for small τ . This corresponds
6to the somewhat smaller long-time tails in Fig. 2 (b) ex-
hibiting a pronounced subharmonic response.
Now, we consider the second object governing the long
time-tails ofMx(t), namely the distribution P (φj − φk)
of the quasienergy differences φj−φk. The results shown
in Fig. 7 imply that a distinctive peak at |φj − φk| ≈ pi
emerges for long τ . This means that the number of
quasienergy pairs with |φj − φk| ≈ pi becomes larger for
long τ . We conclude that, for long τ , not only the values
of M jkx on the semi-diagonals grow but also the num-
ber of entries on the semi-diagonals grows and, thereby,
contributes to the pronounced subharmonic response, cf.
Fig. 2 (b). It is also noteworthy that pairs of states on
the semi-diagonal |φj − φk| ≈ pi, in the overwhelming
majority, do not obey the precise equality |φj − φk| = pi
but typically have a small offset, which is a possible in-
dication of a finite lifetime of the subharmonic response.
Figure 6. Examples of the matrix M jkx = |〈ψj |Mx|ψk〉|2 for
short τ (a) and long τ (b) for two-dimensional d = 2 systems.
On the horizontal and vertical axes, the quasienergies of the
respective Floquet eigenstates |ψj〉 and |ψk〉 are plotted. For
short τ in (a), the matrix is nearly diagonal. For long τ in (b),
the values at semi-diagonals become comparable to the values
on the diagonal, which leads to the subharmonic response.
Overall, the values for long τ are smaller than those for short
τ . The system size is Ns = 13. Only values larger than 0.2
were included in (a) and (b) for the sake of clarity.
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Figure 7. Histogram of quasienergy differences φj − φk in
d = 2 disordered spin systems with Ns = 13 and long τ . The
minimal difference between two quasienergies φj and φk is
taken, which implies 0 ≤ φj−φk ≤ pi. The distinctive peak at
φj−φk ≈ pi appears only for long τ . The peak at φj−φk ≈ 0
is governed by pairs formed by the same quasienergy j = k
and, thus, P (0) ≈ 2Ns . The bin width is pi 10−5. All further
parameters of the system are same as in Fig. 2.
VIII. MAGNETIZATION RESPONSE
PERPENDICULAR TO THE DRIVING FIELD
Let us now consider the same setting as before but po-
larize the spin system initially along an axis perpendic-
ular to the external driving. We first consider the spin
system to be polarized along the z-axis. The magneti-
zation response Mz(t) for short τ in d = 2 disordered
spin system with Ns = 20 is shown in Fig. 8 (a). The
signalMz(t) exhibits long-time oscillations around zero
mean with a period 4τ , which corresponds to subhar-
monic response. Since the internal Hamiltonian HI +HL
conserves the total z-magnetization, the signalMz(t) re-
mains constant between the pulses. If the pulses were
ideal pi-pulses, Mz(t) would oscillate between +1 and -
1. In presence of pulse imperfection  > 0, the absolute
value of Mz(t) is expected to decay. After each pulse,
the z-projection of the total magnetization is expected to
decrease by the factor cos(pi). If we assume that compo-
nents of the magnetization perpendicular to z-axis com-
pletely dephase between two pulses, the absolute value
ofMz(t) is expected to decay with time as cos(pi) t2τ , cf.
Ref. [12]. We plot this decay in Fig. 8 (a) by the dashed
black line. The long-time tails of Mz(t) clearly do not
follow this trend. This implies that the magnetization
responseMz(t) exhibits long-lived tails similar to those
observed forMx(t).
An example of the corresponding matrix M jkz =
|〈ψj |Mz|ψk〉|2 is shown in Fig. 8 (b). As anticipated, it
exhibits nonzero values at the semi-diagonals which cor-
respond to the subharmonic response described above.
The diagonal elements are negligible.
We observe the long-time tails of Mz(t) also for long
inter-pulse delay τ and, more importantly, for all spa-
tial dimensions d considered. These results are consis-
tent with experimental evidence of long-lived spin coher-
ences reported for three-dimensional spin systems [15],
although the driving sequences are slightly different. In
7Figure 8. Long-time tails of magnetization echoes along the
z-axis in two-dimensional d = 2 disordered spin systems.
(a): Time evolution of the magnetization response Mz(t)
for short τ (orange line). The subharmonic response is the
dominating component of the long-time tails. Between the
pulses, Mz(t) is constant because the internal Hamiltonian
HI + HL conserves the total z-magnetization. The function
cos(pi) t2τ (black dashed line) shows the expected decay of
Mz(t) triggered by an accumulating rotation error. The sys-
tem size is Ns = 20. (b): A typical example of the ma-
trix M jkz = |〈ψj |Mz|ψk〉|2. The dominating component is the
semi-diagonals. Only values larger than 3/4 were included in
the figure for the sake of clarity. The system size is Ns = 13.
the Ref. [15], the driving sequence is periodic dynamical
decoupling sequence.
When polarizing the system initially along the y-axis,
no long-lived magnetization response My(t) emerges in
any dimension d. Correspondingly, the elements of the
matrix M jky = |〈ψj |
∑Ns
j Sjy|ψk〉|2 are generally small
and do not show any pronounced structure. These find-
ings suggest that, for the periodic driving considered,
long-time magnetization echoes can only be observed
along directions either preferred by the periodic pulses
or by the internal Hamiltonian of the system.
IX. FINAL REMARKS AND CONCLUSIONS
Before concluding, let us make some final remarks.
(1) The presence of long-time tails along the z-axis,
which is perpendicular to the driving field, implies that
the fundamental process for establishing long-time tails
of the magnetization response is not spin locking [2, 3]
as may appear in analogy with other similar effects [9,
10, 39, 42]. Our results seem to suggest that the ori-
gin of the long-lived coherences is primarily kinematic; it
may arguably also involve many-body localization [4, 22],
transient prethermal regime [5, 43, 44], or spin-glass like
behaviour.
(2) The results shown in the present article were ob-
tained for a fixed pulse imperfection  = 0.07. Our nu-
merical simulations with other values of  demonstrate
that qualitatively the same behavior occurs for other
choices of   1. The long-time spin coherences persist
even when making  different for different spins, as long
as it remains constant in time. A detailed description
will be given elsewhere.
(3) We considered in this article spin systems of finite
size, with the total number of spins Ns = 20. Our sim-
ulations demonstrate very modest quantitative changes
as the system size varies from Ns = 10 to Ns = 22.
Besides, our numerical results for d = 3 agree with the
reported experimental results for three-dimensional sys-
tems [12, 17, 36].
(4) Neglecting the flip-flop terms in presence of large
inhomogeneous broadening does change the results quan-
titatively in the d → ∞ case, as implied by the results
shown in Fig. 5, but qualitative conclusions remain the
same.
Summarizing, we have investigated disordered dipolar-
coupled quantum many-spin systems subject to periodic
driving in different spatial dimensions. Depending on
the spatial dimension, such systems exhibit singularities
of the Hahn-echo decay, with important statistical fluc-
tuations in the dipolar spin-spin interaction parameters.
In all spatial dimensions we observed the long-lived spin
polarization along the driving pulses, and along the axis
conserved by the internal Hamiltonian (z-axis). The am-
plitude of the long-lived magnetization echoes depends on
the time delay and on the spatial dimension. These re-
sults are corroborated by Floquet-operator analysis. Our
results imply that long-lived coherences and subharmonic
response are generic features in dipolar-coupled disor-
dered spin systems, including those which are relevant
for practical applications. The latter are, for example,
two-dimensional and effectively infinite-dimensional spin
systems.
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